INTRODUCTION
Let us consider the propagation of a single frequency light in an optical fiber. We assume that it can be described by the Helmholtz équation " -. where E dénotes one of the components of the electric field, c the speed of light in a vacuüm and n(<o,x) the refractive index (x = (x l ,x 2 ,x 3 ) is the generic point in R 3 ). In what follows we discuss the method proposed by M. D. Feit and J. A. Fleck [3] for solving (1.1) in the case where n has small variations from a référence value n 0 : n(a>,x)«n 0 •
The field E is given at the entry of the fiber (JC 3 = 0) (1.2) and satisfies the radiation condition at + oo (see (1.7) ).
Since the propagation is studied for a range of x 3 at least a million times the wave length, this hypothesis is reasonable.
The electric field is sought in the form At each step the initial condition is the terminal condition of the previous one. The great-applicability o^this method4s due 4e the fact that4he first and third steps are solved by Fourier transform with respect to (x l9 x 2 ) while the second step is a family of O.D.E.'S.
Feit and Fleck's idea is to use this algorithm to solve équation (1.5) with the boundary conditions (1.7) as follows : As before the initial condition of each step is the terminal one of the previous step. But steps 1 and 3 are still underdetermined since we have to solve a second order équation in the x 3 variable. These steps can be viewed as a second order O.D.E. in x 3 (recall that these steps are solved by Fourier transform w.r. to x l9 x 2 ). Therefore the solution A can be written as the sum of two exponentials and M. D. Feit and J. A. Fleck erase the one which propagates in the -x 3 direction (see (2.7)). In a certain sensé they apply the vanishing condition at + oo. The first and third steps are actually solved by Fourier transform and it is this method which is called B.P.M. Let us point out that besides the fact that from a computational point of view the Fourier transform is very performent (F.F.T.), the B.P.M, method gives at the same time the signal and its Fourier transform which is of great importance for physical reasons (energy spectrum,...).
In fact the Split
Step Fourier Transform applied to the parabolic approximation and the B.P.M, method can be implemented in a very similar way. In particular they can be performed as two close versions of a computer program. In a subséquent work we shall report on the comparison of these two procedures with respect to the original problem which was to solve the Helmholtz équation in an optical fiber.
In this paper we study the B.P.M, method. In the following section we dérive formally the continuous équation, the B.P.M, équation (i.e. the équation obtained by letting Ax 3 -> 0) which is consistent with the B.P.M. algorithm (1.12), (1.14). In the third section we give some mathematical results on the B.P.M, équation. Then in the fourth section, we show that the B.P.M, algorithm is consistent with B.P.M. équation. Finally, in the last section we give some remarks on the nonlinear B.P.M. équation which corresponds to the case where the refractive index dépends on the electrical field (Kerr-effect).
In a preliminary version of this paper, [1] , we have given in full detail the proofs of the results presented hère. We refer to this report for some missing points, ho wever this article is intended to be self contained. We also refer to [3] for complementary références on the physical and computational point of view. 3, 1987 and k 3 produces a vanishing wave in the x 3 direction while k 3 gives rise to an amplified wave. The B.P-M. consists in choosing the vanishing wave, droping the amplified one which is physically irrelevent. Hence in both cases, the A^-term in (2.4) is dropped and instead of (1.12) and (1.14) we take
where k 3 is given by (2.5)-(2.6). Equation (2.7) is written in Fourier space ; in order to return to the physical space we introducé the fonction G, plotted in figure 2.1, The function G is not locally integrable in IR 2 , the équation (2.10) is formai, and the convolution is understood in the sense of principal values. We shall give in the third section a rigorous meaning to équation (2.10), see also Remark 3.1. D Let us now return to the B.P.M, algorithm (1.12) to (1.14), where équation (1.12) and (1.14) are replaced by (2.10). In the fourth section we show that, when Ax 3 -> 0, the discrete approximations converge to the solution of the continuous équation
which is referred to in the sequel as the Beam Propagation Method équation (or B.P.M, équation).
Comparison with the Helmholtz équation
In the particular case where the refractive index n(w, x) is independent of x, i.e. n(co, x) = n 0 (o>), the B.P.M, équation (2.13) and the Helmholtz équation (1.5)-(1.7) have the same solutions. Indeed the radiation condition at x 3 = + oo is exactly the argument that leads to the choice of k 3 in (2.4).
In the case where n(<o, x) dépends onx, the B.P.M, équation is in genera! an approximation of Helmholtz équation. One of the advantages of the B.P.M, équation is that it is an évolution équation, while Helmholtz's équation includes a boundary condition at x 3 = + oo which is more difficult to implement. On the other hand, the former équation is an envelope équation for a function which varies slowly, in application, in a range of order \ 0 = --, the wave lenght. This allows one to take the step of k 0 discretization Ax 3 of the order of \ 0 . It is also worthwhile to note that, althought a non local operator occurs in the B.P.M, équation, this difficulty is avoided by using the Fourier transform. However we must note that this method does not propagate without x 3 -deformation the guided modes, which are the non-zero solutions of the équation (2.14) x l9 x 2 ) i.e. = 0). Indeed these solutions are stationary solutions of Helmholtz's équation (1.15), but if n # n 0 they are not stationary solutions of the B.P.M, équation. We refer to [1] , where we propose a modified version of the B.P.M, équation, which conserves the solutions of (2.14).
Remark 2.2 : The parabolic approximation (1.8) can also be viewed as an approximation of the B.P.M, équation for small wave numbers. Indeed the expansion of G(^x,^2), for ±-^-< 1, gives (2.15) and by replacing G by G p in (2.13) we obtain (1.8). We stress the fact that the parabolic approximation is a good approximation of Helmholtz's équation only for small wave numbers, while the B.P.M, approximate this last équation for arbitrarily large wave numbers (and is exact for constant refractive index). See also Remark 3.4. D
SOME MATHEMATICAL PROPERTIES OF THE B.P.M. EQUATION
In this section we give a mathematical framework that allows one to prove existence and uniqueness of a solution to the B.P.M, équation. Then we study the long time behavior of these solutions and finally the dependence of the solutions on the refractive index is addressed.
Existence and uniqueness of solutions to the B.P.M, équation
To begin with, we make some changes in the notations. We dénote by t the x 3 -variable because of the evolutionary character of the problem, and we normalize the refractive index function and set
Moreover we assume, for the sake of simplicity, that n does not depend on x 3 (or equivalently t), see also Remark 3.2. Finally we dénote by u the envelope function which was denotedA. 
where the function G is given in (2.8) and q is a given real valued function with
, for some r, 2 ^ r ^ + 00 .
Let us mention that this last hypothesis on q is motivated by the fact that in practice the refractive index, and therefore q, can be discontinuous, a piecewise constant for example.
It follows readily from the expression (2. 
where (3.12) (K, W Xx) = ±
In opposition whith the équation (2.10) where the convolution was understood in the sense of principal values, since G is not locally integrable, the expression (3.11) is in term of classical functions since (3.12) is a convolution with a locally integrable kernel. The conterpart being that now the x-derivatives of u are involved in (3.11). D
Existence and uniqueness
The continuity and coercivity properties of A q , allow one to solve the problem (3.9)-(3.10) by the classical methods for linear parabolic équations (see e.g. J. L. Lions and E. Magenes [7] , or A. Friedman [5] 
Some qualitative properties of the solutions

Long time behavior of the solutions
We are going to show that the wave number k 0 plays the role of a cutoff. Indeed, Theorem 3.1 hereafter shows that the energy contained in the wave numbers larger than k 0 is damped and tends to zero. This is due to the f act the imaginary part of G is positive for |Ç| > fc 0 (see fig. 2.1 
CONVERGENCE OF THE SPLITTING ALGORITHM
We study first a two step algorithm very similar to (1.12)-(1.14) in order to avoid technicalities. The convergence is obtained for smooth refractive index (q e W liCO (R 2 )) and then extended to non smooth ones (q e L r (R 2 ) n L°° ([R   2 ) for some r, 2 <=: r < + oo). Finally we state the convergence resuit for the original algorithm. The proofs are based on technics similar to that of J. T. Beale and A. Majda [2] . (Concerning gênerai results on splitting algorithms, we refer to R. Temam [10] ).
A two step algorithm
We are given T, 0 < .£-< oo and %-€~üT lö (R 2 }.-We wish to approximate T équation (2.13) by the following procedure. For N 5= 1, we set T = --and initialize the scheme by taking 
Convergence in the case o f a smooth refractive index
We have the following convergence resuit.
THEO REM 4.1 : Under the assumption that
there exists a constant C independent of T and N such that for every u 0 e H\R 2 ),
9)
Proof: From (4.1), (4.4) and (4.6) we have
The différence of the two operators appearing in the right hand side of (4.10) is equal to for some r, 2 < r < + oo. 4.19) lim Sup
N
We are going to sketch briefly the main steps of the proof of this result (the details are given in [1] ), but first we make the following remark. and note that it is the sum of the three terms ; We note that if we set T = T/2 N then the solution of one intégration of the B.P.M, algorithm (3 steps : T 5 2T ? T) with initialization u 0 reads in concise notation : e~ °T e~2 iqT e" °T Un. The proof of this result is very similar to that of Theorem 4.2 ; therefore, we omit it. The order of convergence is improved (order 2). We can say that the B.P.M, algorithm is consistent with the B.P.M, équation.
REMARKS IN THE NONLINEAR CASE
It has been assumed previously that the refractive index, besides its dependence on (*>, x = (x l7 x 2 ) and t, was independent of the electric field. For certain media this is not a good approximation and one must take into account the influence of the electric field (autoinfluence). By physical arguments (objectivity of the refractive index) it can be show that the refractive index dépends only on the intensity of the beam, which is proportional to the square of the norm of the electric field. A first order expansion reads (note that u has been renormalized in order to keep e = ± 1). (ii) Concerning hypothesis (5.11), we recall that H 1 + h (U 2 ) is an algebra for S :> 0, and this allows us to prove the following estimate for |«| 1 + 8 where u dénotes the solution to (5.5) : 
